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Direct Numerical Simulation

Numerical simulation of turbulence without any turbulence models
Capture the basic physics of fluids in simple flows

Numerical experiments - (unphysical ones can be conceived )

A tool for fundamental research - Most accurate results
Computationally intensive

Able to resolve both large and small scales
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Direct Numerical Simulation (Contd.)

Identification and study the alteration of coherent structures with
buoyancy using DNS.

80% of TKE in wall bounded turbulence is contained in near walls
coherent structures

Reduction of turbulent (friction) drag
Enhancement of turbulent mixing
Enhancement/reduction of heat exchange

Strong applicative interest - high potential benefit
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Governing Equations

» Newtonian Fluid, Incompressible, constant properties , Boussinesq
approximation and negligible viscous dissipation

» Governing equations in dimensional form are 3D Navier-Stokes
equations expressed in vector form.

» Conservation of Mass :V.u =0

» Conservation of Momentum

.0u _ =Vp 2, _ 1 dPY  Ap i
5 tuVu= o +vVeu o dr i T pogk

» Conservation of Energy: pC, (2F + u.VT) = kV2T
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Scaling

» Scales employed for non-dimensionalisation
» Length : § - Channel half height

» Velocity ur- friction velocity

» Pressure p,u?

> Time : %

S O=Tr

Here u, = \/%“’ , where 7, is wall-shear stress.
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Non-Dimensionalised Governing Equations

» Conservation of Mass V.u =0

» Conservation of Momentum

%} u-Vu=-Vp+ 7= V2u+ Fi+ Ribk

» Conservation of Energy 2 + u.Vl = -—15-V?¢
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Non-Dimensional Numbers

» Reynolds number, Re = “;6 which is the ratio of the inertial forces
to viscous forces

» Richardson number, Ri = W which represents the
importance of natural relative to the forced convection

» Prandtl Number Pr = = which is the ratio of viscous diffusion rate
to the thermal diffusion rate.
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Geometry of Computational Domain

Figure: Geometry of physical domain.
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Stretching Transformation

> 2(&) =1—cos (gfk)

% = 3sin(5&)

> 55 = Tcos(3&)

» Wall- normal first-order derivatives in physical space of any quantity

. L9® 1 0%
® can be determined as: 5~ = 7=y B¢

(5%

» The Second-order derivative can be determined using chain rule as:

22z
%% _ _ 1 _9°® _ _oe2
922 (%2)2 0¢2 (5%)3
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Stretching Transformation (Contd.

Figure: Stretching mesh in wall normal direction
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Initial and Boundary Conditions

» The initial condition is provided from a previous simulation of fully
developed turbulent channel flow at R.7 = 180

» The presence of a solid boundary in turbulent shear flows, the
velocity of the fluid is zero for a stationary solid surface (no-slip) ,
and is mathematically represented as :
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Initial and Boundary Conditions (Contd.)

* No-Slip Condition
The presence of a solid boundary in turbulent shear flows, the
velocity of the fluid is zero for a stationary solid surface (no-slip) ,
and is mathematically represented as :
u=v=0

* No-Penetration
The wall is considered impermiable, so the normal velocity at the
solid surface must be zero and written as:
w =0

* Periodic Boundary Conditions :
> ¢(z,y,2,1) = ¢(x + Lg, y, 2, 1) and

> ¢(xay7zat) = QZS(.’E,Z./—FLy,Z,t)
Where L, and L, are periodic lengths
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Numerical Scheme

* The SMAC algorithm described by Amsden and Harlow (1970),
modified by later the work of Cheng and Armfield (1995,IJNMF) is a
two-step predictor corrector algorithm with implicit handling of
diffusion terms and explicit discretisation of convective terms.

* Predictor Step:

> u— R‘S—;TVQﬁ =u" — 5t(Vp™ + (u™.V)u™)

* Corrector Step

> gl — Réci V2 = um — §t(Vp" Tt + (u™.V)u™)

Subtracting the two, we get

> um T — = —6t{V(p" T — p")} = —6t{V(p*)}
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Numerical Scheme (Contd.)

> pﬂ-‘rl — pn _|_p*
» "t =0 — 6t{Vp*}
» Taking divergence, assuming V.u"*! =0

» We get Pressure-Poisson Equation (PPE) for correction pressure as:

2. %x _ V.u
> VIt =5
» At solid walls and at |nflow =0

> At outflow p} = 0, where n is the direction of the local normal
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Discretisation of Convective Terms

* Treatment of Convective Terms

» 2% order central differencing scheme is given as:

70w | JT Wi k41— Wi k—1
Uss |w,’c— U 2dz

» The 6" order central-difference scheme is expressed as:

F7ou |

U% |w,k—

U‘ U35,k U —2 5,k —45Ui—1, 5,k +45Ui4 1,k — Uit 2 5 kU435, k
1,5,k 60dx
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Discretisation of Convective Terms (Contd.)

» The 3" order upwind scheme as proposed by Kuwahara(1999) can
be expressed as:
US% |; jx= Aijk + Bijn

T (T%i2,5 kBt k= Wi, k) F Ui,k
> Aij = Uijx( 12dz )

R o Wit gk —4Uit1,5k+06Ui 5 —4Ui1 jrtUi—2,;k
> Bijxk =|Uijn | 1da

_ Re,xU; j pxdE
> P = Jac(k)

> Peclet based hybrid scheme with 6" order CDS for Pe < 2

» Kuwahara third-order upwinding for Pe > 2
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Discretisation of Diffusion terms and Pressure terms

» Along Homogenous directions

> u | —Wit25k+10uign k30U k16U E—Uite s Rt U2,k
022 16:4:k 12(dx)?

» Along Inhomogenous direction

82
> 527 lijk= Cijk + Dij

> O — 1 — Wi, k+2F16Us 5 k41 —30U;, 5,6 +16Us 5 k—1 — Ui, 5 k—2
43k = TJac(k) 12(d€)?

> D — Jac2(k) —ui,jk+8Ui k41 —8Ui,j k—1FUi k-2
L3k = (Jac(k))3 12d¢
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Discretisation of Diffusion terms and Pressure terms

(Contd.)

v

op | s - __ Pigj,k+1—Pijk—1
a5 | idk 2(Jac(k)) +dE

v

Here Jac(k) = g—g and Jac2(k) = 2%5

» One sided forward differencing (Non Uniform Mesh)
(@) _ (Aﬂﬁi+1+Azi+2 Uit1—Ui  ATip1  Uipo—uy )
ox /v A1i+2 Aa:i+1 ACEi+2 Azi+1+Azi+2
» Central differencing (Non Uniform Mesh)

A i A k3
(%)Z = Axi"rlAfiJrl [A?ZJ (Ui+1 - Ui) + 753::1 (Ul — ’U,Z'_;'_l)]
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Treatment of Pressure- Poisson

» The divergence operator % is discretised on cell faces.

o fOp _ 2 op’ op’
> el bk = {aram (G vt ik — 3 )imb k)

» Similarly the divergence terms are discretised using the same

operator:
> () = {m}[uaé,j,k - u;.i%’j’k] where dx; = ;41 — x; and

dre = x; — i1
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Treatment of Pressure- Poisson equation (Contd.)

» The correction Pressure-gradient terms are discretised as :

/ ’
op’ Lo o= Pit15.k"Pijk
ox lit+35,5,k dx,

/ ’
op i1 _ Pijke"Pic14k
Ox li—3,5,k dzo

» This method of discretisation avoids decoupling between pressure
and velocity which leads to spurious pressure oscillations

» Momentum interpolation proposed by Rhie and Chow (1983,AIAA
Journal) states :

ut _ (“f+1,j,k+“f,j,k) _ &(P?ﬂ,j,k—pﬁj,k)
i+%,j,k 2 Tijp1—T;
uP P P —pT
* (Mg Ty ik~ Pijk
Yiljk = ( 2 ) — 0t( Ti—Ti1 )
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Treatment of Pressure- Poisson equation (Contd.)

» Here uP is obtained without using the pressure gradient term as
shown below

uP — R‘;—;(VQup) =u" — §t{(u".V)u"}

» The PPE can be solved using any iterative solver such as SOR, SIP,
CGSTAB, SSOR preconditioned GMRES, multigrid, etc.
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Solution of Transport Equations

VR = T T )
> Apdp + 3 Aidr = Qp
l

, where n is

> it — Qr—As¢s —Aw oy —AN oY —Apdl—Ardh
i P .7 Ap
Iterative counter

» Here residual p" = Q — A¢™
» lteration error €™ = ¢ — "
» Hence Ae™ = p"

Zi:1(pn)?

» Convergence criteria || p™ ||a= N
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Temporal Integration of Navier-Stokes equations

> 8%;”5) = f(o,r,t) With f(to) = fo as an initial-condition. On
integrating the above equation between time ¢,, and
tn + 1(=t, + At)

> Euler ( First-order ) ¢"+1 — ¢ = [ f(g,r,t)dt
» Adam Bashforth ( Second-order )
nt1 n n—
gt — g = [T (0, t) = 3TN, 7 1)) dt

tn
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